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Abstract. We introduce a class of functions near zero on the logarithmic cover of 
the complex plane that have convergent expansions into generalized power series. The 
construction covers cases where non-integer powers of z and also terms containing log z 
can appear. We show that under natural assumptions some important theorems from 
complex analysis carry over to the class of these functions. In particular it is possible to 
define a field of functions that generalize meromorphic functions and one can formulate 
an analytic Fredholm theorem in this class. We show that this modified analytic 
Fredholm theorem can be used in spectral theory to prove convergent expansions of 
the resolvent for Bessel type operators and Laplace-Beltrami operators for manifolds 
that are Euclidean at infinity. 



1. Introduction 

Asymptotic expansions of the form 

f(z) ~J2 a k,mZ ak (-log(z)f™, as Z^O 

k,m 

with non-integer or /3 m for functions / defined in some sector centered at in the 
complex plane appear quite frequently in mathematics and mathematical physics. Clas- 
sical examples are solutions for differential equations (e.g. in Frobenius' method) or 
expansions of algebraic functions at singularities. More recently it was shown that low 
energy resolvent expansions in scattering problems are of this form (see e.g. [6], [7] for 
Schrodinger operators in R n , [9] for operators with constant leading coefficients in R n 
and [2] for the case of the Laplace operator on a general manifold with a conical end). 
The resolvent expansion for |A| — > oo of cone degenerate differential operators leads to 
similar asymptotics, see e.g. [1]. 

The algebraic theory of generalized power series is well developed and can be found in 
the literature under the name Hahn series or Mal'cev-Neumann series. In this paper 
we are concerned with the analytic theory of such generalized power series, namely we 
will define a ring of functions, the Hahn holomorphic functions, that have convergent 
expansions into generalized power series, and we will show that this ring is actually a 
division ring. We show that the quotient field, the field of Hahn-meromorphic functions, 
has a nice description in terms of Hahn series and we generalize the notions of Hahn- 
holomorphic and Hahn-meromorphic functions to the operator valued case. The theory 
turns out to be very close to the case of analytic function theory. In particular one of 

l 
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our main theorems states that an analog of the analytic Fredholm theorem holds in the 
class of Hahn holomorphic functions. 

The holomorphic Fredholm theorem plays an important role in scattering theory as a 
tool to prove the existence of a meromorphic continuation of resolvent kernels and sub- 
sequently in the construction of an analytic continuation of the scattering matrix. For 
us this was one of the primary motivations for this article. Our theorem implies for 
example that the Hahn meromorphic properties of the resolvent of the Laplace opera- 
tor on a Riemannian manifold are stable under perturbations of the topology and the 
metric that are supported in compact regions. Unlike the standard theory our theorem 
also applies to situations when log terms or non-rational exponents in the low energy 
expansion of the unperturbed resolvent are present. 

The article is organized as follows. Section 2 deals with the definition and the general 
theory of Hahn holomorphic functions and some of their basic properties. In section 3 
we define Hahn meromorphic functions and in section 4 we prove our generalization of 
the meromorphic Fredholm theorem in the framework of Hahn holomorphic functions. 
Sections 5 and 6 deal with two important examples of convergent Hahn series: those 
that can be expanded into real powers of z and those that have such expansions with 
additional log(z)-terms. The theory has a nice application: convergent resolvent expan- 
sions for Bessel type operators and Laplace-Beltrami operators on manifolds that are 
Euclidean at infinity can be shown to be simple consequences of the Hahn holomorphic 
Fredholm theorem. These examples are treated in detail in section 7. 

2. Hahn holomorphic functions 

Let (r, +) be a linearly ordered abelian group and let (G, •) be a group. Suppose e : 
r — > G, 7 i— > e 7 is a group homomorphism, in particular 

eo = 1 £ G, e 7l+72 = e 7l • e 72 for all 71,72 € T. 

The following definition and proposition are due to H. Hahn (see [3]) 
Definition 2.1. Let 1Z be a ring. A formal series 

f) = a 7 e 7 , a 7 € 1Z 

is called a Hahn-series, if the support ofi), 

supp(F)) := {g € T \ a g + € K], 
is a well-ordered subset ofT. The set of Hahn-series will be denoted by 1Z[[er]]- 
Proposition 2.2. The set of Hahn series 1Z[[er]] is a ring with multiplication 

( a a ea) ( ^ bpep j = ^ Cye-y, c 7 := ^ a a b/3 (1) 
aer /?er ' 7 er («,/3)erxr 
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and addition 

aer /?er 7 er 

IflZisa field, then 7£[[er]] *s a /ieZd 

If the support of f) is contained in T + = {7 | 7 > 0} then it is well known that 1 — f) is 
invertible in 7£[[er]] and its inverse is given by the Neumann series 

00 

(1 - h)- 1 = £ f, fc . 

fc=0 

This is due to the fact that for any well-ordered subset W of r + the semi-group generated 
by W is also well-ordered, see e.g. [11], Lemma 2.10. Here convergence of a sequence 
(p n ) C 7£[[er]] to p G 7£[[er]] is understood in the sense that for every element a G T 
there exists an N > such that for all n > N the coefficients of e a in p and p n are equal. 

In the following let Z be the logarithmic covering surface of the complex plane without 
the origin. We will use polar coordinates (r, cp) as global coordinates to identify Z as a 
set with M + x M. Adding a single point {0} to Z we obtain a set Zq and a projection 
map 7r : Zo — t- C by extending the covering map Z — > C\{0} in sending G Zq to 
£ C. We endow Z with the covering topology and Zq with the topology generated 
by the open sets in Z together with the open discs D e := {0} U {(r, ip) \ < r < e}. 
This means a sequence ((r n , (p n )) n converges to zero if and only if r n — > 0. The covering 
map is continuous with respect to this topology. For a point z G Zq we denote by \z\ 
its r-coordinate and by arg(z) its ip coordinate. We will think of the positive real axis 
as embedded in Z as the subset {z \ arg(z) =0}. In the following Y C Z will always 
denote an open subset containing an open interval (0, 5) for some 5 > and such that 
Y. The set Yq will denote Y U {0}. In the applications we have in mind the set Y 
is typically of the form D^\{0} where = {z G Zq \ < \z\ < 5, \ip\ < a}. For the 
discussion and the general theorems it is not necessary to restrict ourselves to this case. 

In the remaining part of this article we assume that G := (Hol(y n D t ), -) x is a set of 
non-vanishing holomorphic functions and that the group homomorphism e satisfies the 
condition 

V7 > : e 7 is bounded on Y and lim |e 7 (2:)| = 0. (El) 



Definition 2.3. Suppose that 1Z is a vector space with norm \\.\\. A Hahn series f = 
Yla&r a a^a is called normally convergent inY C\D e if its support is countable and 

^ ^ II fall || ^-a || Ye ^ 

aer 

where ||e a ||y j£ := sup zeynDE |e a (;*)|. 
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Since a normally convergent series converges absolutely and uniformly, the value of the 
function 

f(z) = ^a a e a (z), z£Yr\D £ 

does not depend on the order of summation and / is holomorphic in z ^ 0. 
Definition 2.4. Let S C T+ = T+U{0} be a subset of the non-negative group elements. 

• The family {e a } a eS is called weakly monotonous, if there exists an r$ > such 
that for every x G (0, r$) there is a radius p(x) with < p(x) < x and with the 
property 

a G S => \\e a \\Y, P (x) ^ \ e a(x)\. 

• The set S is called admissible for e (or simply admissible^), if {e a } a ^s is weakly 
monotonous, and if for every B C S also the family 

{ e a— min£i} cteS 

a>min B 

is weakly monotonous. 

Definition 2.5 (Hahn holomorphic functions). Suppose that 1Z is a Banach algebra. 
A continuous function h : Yq — >■ 1Z which is holomorphic in Y, is called (Y,T)-Hahn 
holomorphic ( or simply Hahn holomorphic ) if there is a Hahn-series 

f) = ^^a 7 e 7 , a 7 G TZ, 

with countable, admissible support, which converges normally onYnD$ for some 5 > 0, 
and 

h(z) = a 7 e 7 (z), z G Y n D$. 

We will denote the Hahn series of a Hahn holomorphic function h by the correspond- 
ing "fraktur" letter h. Note that (El) together with uniform convergence imply that 
supp f) C rj and h(0) = ao- Of course any normally convergent Hahn series with 
admissible support gives rise to a Hahn holomorphic function. 

A direct consequence of the support of Hahn holomorphic functions being admissible is 
Lemma 2.6. Let 

h(z) = a 1 e 1 {z), z G Y n Dir- 

be Hahn holomorphic with m = minsupp(h). Then 

e- m (z)h(z) = ^2 a 7 e 7 - m (^) 

7>m 

is Hahn holomorphic. 
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Proof. Let p\ be the radius for {e 7 } such that for all 7 6 supp(fj) 

||e 7 || pi(r) < |e 7 (r)|. 
and similarly let p2 the radius for {e 7 _ m }. For p(r) = min{pi(r), P2W}) 

ll e m|| p(T .) \\ay\\ ll e 7-m|| p(r ) < Mr)| ^ ||a 7 || |&y_ m (r)| = ^ ||a 7 |||e 7 (r)| < 00 

Thus ^ 7gr a 7 e 7 _ m converges normally on D p ^ r y □ 

Proposition 2.7. Let f : Y — > TZ be a Hahn holomorphic function represented by a 
Hahn series f on Y n Suppose the zeros of f accumulate in Y U {0}. TTien / = 
and f = 0. In particular the Hahn series of a Hahn holomorphic function is completely 
determined by the germ of the function at zero. 



Proof. If the zero set of / has accumulation points in Y then the statement follows from 
the fact that / is holomorphic in this set. It remains to show that if / 7^ then can 
not be an accumulation point of the zero set of /. Let f be a Hahn series that represents 
the function on Y D D e . Let / 7^ 0, hence f 7^ 0. Let m = minsupp f. If there is no other 
element in the support of f then f(z) = a m e m (z) and the statement follows from the fact 
that e m has no zeros in Y. Otherwise, let mi be the smallest element in supp f which is 
larger than m. Then 

f{z) = Ya a e a {z) = e m (z){a m + e mi ^ m (z) ^ a a e a ^ mi (zj^j = e m (z)(a m + h(z)) 

a a>mi 

with a Hahn holomorphic function h(z) such that h(0) = 0. Since h is continuous and 
e m {z) / this shows f(z) / in a neighborhood of 0. □ 

In the following suppose Y, T and the family of functions (e 7 ) 7g r is fixed and satisfies 
(El). 

We want to show that the space of Hahn holomorphic functions at with values in a 
Banach algebra 1Z is a ring. To that end we need 

Lemma 2.8. Let A\,A^ C T + be admissible sets. Then the sets A\ U A2, A\ + A2 and 
n ■ A\ := A\ + . . . + A\ (n times), (J^L n ' ^i are admissible. 

Proof. First we show that A\ U A2, A\ + A2 and n ■ A\ are weakly monotonous. Let 
Pi, i = 1,2 be the radius for A; L and p{x) = mm{pi(x), p2(x)}. Then p is a radius for 
A\ U A2 and as well for A\ + A2, because for ai G Ai, 

\\ e ai+a2 \\p(r) — ll e aillp(r) II e o;2 Hp(T-) — ll e aillpi(r) ll e Q:2 llp 2 (^) 

< |e ai (r)||e aa (r)| = |e ai+aa (r)| 
The same argument shows that p\ is a radius for n- A\. 

Now let B C A := Ax + A 2 . Then B = B 1 + B 2 for some B { C A i: i = 1,2 and 
mini? = min i?i + min £>2 . Let a £ A with a = ai + «2,aj £ A;. Let Pi(r) be the radius 
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for {e ai - m i n Bi} and p = min{pi, ^2}- The estimate 

Cq?— mini? Ilp(r) — 1 1 ^ai— min ZJi+«2 — min B2 II p(r) — II ^oci— minBi llpj^fy) II ^"2 — rain B2 llp 2 (r) 

shows that + A2 is admissible. The other statements are proven similarly. □ 

Let f(z) = J2 a a a e a and g{z) = bpep be Hahn holomorphic functions on Yf and Y g 
respectively. First it is easy to see that / + g is Hahn holomorphic on F = Yf D Y g . 
Since f and g are Hahn-series with support contained in Tq, also supp(f-g) C Tq" for the 
multiplication as defined in (1). From Lemma 2.8 we obtain that the support of f • g is 
admissible. We claim that h(z) = f(z) -g(z) is represented by the product of Hahn-series 
f) = f • g on Yf nY g . Because / and g are normally convergent, 

SHE a °MI INI < Yl ( Yl imiimi) IKII 

7 o+/9=7 7 «+/3=7 

< {Y H aa ll ll e «ll II^H IMI ) 

a p 

so that the series f • g is normally convergent in Yf n Yg. Thus the series f • q defines a 
Hahn holomorphic function on Y with values in 1Z which equals h(z). 

Altogether we have found 

Proposition 2.9. Let 1Z be a Banach algebra. The Hahn holomorphic functions with 
values in 1Z on Y form a ring under usual addition and multiplication, and the map 
i^TZ f f is a ring isomorphism onto its image in 7Z[[e^]]. 

Corollary 2.10. The ring of Hahn holomorphic functions on Y with values in an integral 
domain 1Z is an integral domain. 

Proof. By looking at the coefficient c 7 with 7 = minsupp f in (1), we observe that 7£[[er]] 
is an integral domain, if 1Z is an integral domain. Because i/j-ji is an isomorphism, the 
Hahn holomorphic functions must be an integral domain. □ 

Theorem 2.11. Let 1Z be a Banach algebra and suppose f : Yq — >■ 7Z is Hahn holomor- 
phic and f(z) is invertible for all z £ Yq. Then f{z)~ 1 is also Hahn holomorphic on 
Yq. 

Proof. Since 1 // is holomorphic in Y we only have to show that there is a Hahn series for 
f(z)^ 1 that converges normally on some YqF\D £ . Since f(z)^ 1 = /(0) _1 (/(z)/(0) _1 ) 
we can assume without loss of generality that /(0) = Id. Thus we can write f(z) = 
Id — h(z), where m := minsupp (f)) > 0. By assumption the series f) := Ylia& a a e a 
defining h(z) converges normally on the set Yq n Ds for some 5q > 0. The function h 
defined by 

hit) = Y2 W aa W \\ e a\\Y ,t — ll e m||y 0l i ll a a|| ll e a-m||y 0j j 
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converges to for t — > due to (El) and Lemma 2.6. Therefore we can choose 5 > so 
small that h := h(5) < 1/2. Because \h(z)\ < h for z E Yq f] D$, the geometric series 

oo 

/c*) -1 = x>(*r 

n=0 

then converges normally oiiYqC] D$ . But we also know that f is invertible: 

oo 

r 1 = E b n =: Yl b <* e <*> with ^(r 1 ) c s -.= u su PP (b n ). 

n=0 aeS n>0 

From Lemma 2.8 we obtain that S is admissible. It remains to show that ^ Q eS b a £a{ z ) 
is normally convergent on Yq n and represents f(z)~ 1 . Note that if Yln=o W 1 = 
Y.aes c a(N)e a then 

N 

^||c a (iV)||||e a || <Y,~ hn in Y oriD s 

as a simple consequence of the triangle inequality. For every fixed finite set A C S there 
exists an Na > such that for all N > Na 

N 

r i-£y = ^ (b a -c a (N))e a 
n=0 oe<S\A 

has support away from A. In particular c a (N) = b a for a £ A and iV > iV^. Therefore 
for N > N A 

- 1 

IIM IMI < Yl IM^H ll e «ll ^ 5Z^ n < — ZTf, 1 

a£A aeS n=0 1 h 

and this proves convergence since this bound is independent of A. In particular ^2 aeS b a e a (z) 
converges absolutely in 1Z, hence it converges and the value does not depend on the order 
of summation. After reordering, 

oo 

^2b a e a (z) = Yh(z) n = f( Z )- 1 . 

a£S n=0 

□ 

Because of Lemma 2.6, every complex valued Hahn holomorphic / can be inverted: Let 
m := minsupp(f) > 0, then 



f~\z) = a- l e. m (z) J2 (1 - a^e. a (z)f(z)y 



n=0 



Theorem 2.12. Suppose that f : Yq — > C is a Hahn holomorphic function with Hahn 
series f. Suppose that U is an open neighbourhood o//(0) and h : U —> C is holomorphic. 
Then ho f is Hahn holomorphic on its domain. 
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Proof. Since holomorphicity away from zero is obvious it is enough to show that ho f 
has a normally convergent expansion into a Hahn series. Replacing f{z) by f(z) — /(0) 
and h(z) by h(z — /(0)) we can assume without loss of generality that /(0) = and 
thus supp(f) C r+. Since h is holomorphic near /(0) it has a uniformly and absolutely 
convergent expansion 

oo 

E' 

k=0 

Thus, 



h{z) = Ya k (z-f(0)Y 



hof( Z ) = j2Mmr- 

k=0 

Note that ^^Lq Ofc f fc is a Hahn series. A similar argument as in the proof of Theorem 
2.11 shows that this Hahn series is normally convergent and represents h o f{z). □ 

3. Hahn meromorphic functions 

Definition 3.1. A meromorphic function h : Y —> C is called Hahn meromorphic if 
h is represented by a Hahn series f) in Y n D e for some e > and there exist Hahn 
holomorphic functions f , g ^ on Yq D D £ such that f) • g = f . 

In this sense a Hahn meromorphic function can be written as a quotient h = f/g of 
Hahn holomorphic functions in a neighborhood of 0. 

Remark 3.2. Since C-valued Hahn holomorphic functions form an integral domain, the 
Hahn meromorphic functions form a field. More generally let 1Z be a (commutative) 
integral domain. From Corollary 2.10 we know that Hahn holomorphic functions with 
coefficients in TZ are a commutative integral domain, so that their quotient field is defined. 
Furthermore, the map f t— > f induces an injective morphism from the quotient field of 
Hahn holomorphic functions to the quotient field 1Z((er)) of Hahn series H[[er]]- Note 
that H((er)) =7^[[er]]> ifR> is afield. 

An important difference with usual meromorphic functions is that Hahn meromorphic 
functions may have infinitely many negative exponents. For example the function 



oo _. 

/(*) = £^- 1/n 

is Hahn holomorphic and therefore 



n=l 



oo 1 



,-Xln-X 



n 2 z 2 

n=l 

is Hahn- meromorphic. 

It follows from our analysis for Hahn holomorphic functions that every C-valued Hahn 
meromorphic function h can be written as 

— Sminsupp f) j 
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where / is Harm holomorphic. Moreover, if h ^ then /(0) 7^ 0. In particular this 
implies that Hahn meromorphic functions which are bounded on (0, 5) are Hahn holo- 
morphic in some neighborhood of 0. 

We can also define Hahn meromorphic functions with values in a Banach algebra: 

Definition 3.3. Let 1Z be a Banach algebra. A function h : Y — > 7Z is called Hahn 
meromorphic if it is meromorphic on Y and there exists a 5 > and a non-zero Hahn 
holomorphic function fonYoD D$ such that f(z)h(z) is a Hahn holomorphic function 
on lo n Ds with values in TZ. 

Remark 3.4. Let R > and a > 0. If there exists one non-zero Hahn holomorphic 
function on YPiD^ one can use the Weierstrass product theorem together with Theorem 

2.12 to show that the set of complex valued Hahn meromorphic functions on YC\D^ can 
be identified with the quotient field of the division ring of Hahn holomorphic functions 
onYH D [ £ . 

4. A Hahn holomorphic Fredholm theorem 

Let H be a complex Hilbert space and denote by K.(H) the space of compact operators 
on %. 

Theorem 4.1. Suppose Yq C Z is connected and let f : Yq — > K(jVj be Hahn holo- 
morphic. Then either (Id — f(z)) G B(H) is invertible nowhere in Yq or its inverse 
(Id — f(z))~ 1 exists everywhere except at a discrete set of points in Yq and defines a 
Hahn meromorphic function. Moreover, all the negative coefficients in its Hahn series 
are finite rank operators and the residues of the poles away from are finite rank oper- 
ators, too. 

Proof. The proof generalizes that of Theorem VI. 14 of [10]. Let A be a finite rank 
operator such that ||/(0) - A\\ < 1/2 and let 5 > be such that - /(0)|| < 1/2 for 

all x G f/M := D% ] n Y. Then ||/(x) - A\\ < 1 and thus (Id - f{x) + A)" 1 exists and 
is Hahn holomorphic by Theorem 2.11. Consequently g(x) = A(Id — f(x) + A)" 1 is a 
Hahn holomorphic function on with values in the Banach space B(H,icg(A)). It is 
easy to see that 

(Id - f(x))- 1 = (Id - f(x) + Ay^ld - g(x))- 1 (2) 

where equality means here that the left hand side exists if and only of the right hand 
side exists. Let now P be the orthogonal projection onto rg(A) and let G{x) be the 
endomorphisms of rg(^4) defined by restricting g(x) to rg(A), i.e. G{x) = g(x) o P. 
Invertibility of (Id — g{x)) in B{%) is equivalent to invertibility of P(Id — g(x))P, and 
this is equivalent to det(Id rg ( J 4) — G(x)) / 0. Moreover, a straightforward computation 
shows 

(Id - g{x))- 1 = (P(Id - g(x))P)- 1 (P + g(x)(ld - P)) + (Id - P). (3) 

Now note that G{x) is a Hahn holomorphic family of endomorphisms of rg(yl). In 
particular det(Id — G{x)) is a Hahn holomorphic C-valued function. As such, it is 



10 



J. MULLER AND A. STROHMAIER 



holomorphic in \ {0}, and together with Proposition 2.7 this shows that the set 

S = {z G U [a] | det(Id - G(x)) = 0} 

is either discrete in or S = U^. If det(Id — G(x)) / 0, then after a choice of basis 
of rg(j4) the inverse (Id — G(x))^ 1 can be computed with Cramer's rule, showing that 
with respect to this basis 

det(Id-G(a;))(Id-G(x))- 1 G Mat( dimrg(^), C[[e r ]]) 

is represented by a matrix with Hahn holomorphic entries. After the identification 

Mat(dimrg( J 4), C[[e r ]]) = Mat( dimrg(A), C) [[e r ]] 

we see that the function (Id— G(x))~ l is Hahn meromorphic with coefficients in End(rg(A)) 
if there is only a single point in for which it exists. Consequently, due to (3) and 
(2), (Id — f(x))^ 1 is Hahn meromorphic with all negative coefficients being of finite rank, 
if there is only a single point in for which (Id — f(x)) is invertible. So far we have 
proved the statement in U^. By the usual analytic Fredholm theorem, invertibility 
of (Id — f(x)) at a single point in Y implies that the inverse exists as a meromorphic 
function on Y. Conversely, we have seen that invertibility of (Id — f(x)) at a single point 
in implies that (Id — /(x)) _1 exists as a Hahn meromorphic function on U^. By 
the usual holomorphic Fredholm theorem it then exists as a Hahn meromorphic function 
on Y. □ 

5. z-Hahn holomorphic functions 

The prominent class of Hahn holomorphic functions is defined by convergent power series 
with non-integer powers. 

Let r C M. be a subgroup with order inherited from the standard ordering of M. As the 
group G we will take the group generated by the set of functions 

e a (z):=z a , aer, z G D^\{0}. 

In this definition we choose the principal branch of the logarithm with | Imlogz| < tt for 

z G C \ (-co, 0] and as usual set log(re l</3 ) = logr + icp, \ip\ < a and z a := e alogz . 

A z-Hahn holomorphic function / with values C then is a holomorphic function on 
-Dr^\{0} such that the generalized power series 

f(z) = ^^a 7 z 7 , a 7 G C 

7 

is normally convergent in Y n for some 5 > 0. 

Note that every well-ordered subset of W C T + is admissible for e, because for every 
a£W, 

\z a \ = \z\ a < \z\ minW , z G D [ °l. (4) 
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Example 5.1. IfT = Z and ek(z) = z k then the set of Hahn series corresponds to the 
formal power series and the set of z-Hahn holomorphic functions can be identified with 
the set of functions that are holomorphic on the disc of radius 5 > centered at the 
origin. 



Example 5.2. The series 



00 z 2k 



, ^ 



converges normally on D r for any r > and defines a z-Hahn holomorphic function for 
T = vrZ + 2Z. 

Example 5.3. Puiseux series and Levi-Civita series as defined in e.g. [12] are special 
cases of Hahn series with certain T C Q. In case they are normally convergent they 
define z-Hahn holomorphic functions. 

In the following let Dr = D^ \ {0} be the pointed disk of radius R in the logarithmic 
covering of the complex plane. The next result is in analogy with complex analysis, 
where series expansions converge normally on the maximal disc embedded in the domain 
of holomorphicity: 

Theorem 5.4. Let 7Z be a Banach algebra and suppose f is Hahn-holomorphic. Fur- 
thermore suppose that f is bounded on D R+£ for some e,R > 0. 

Let 

f(x) = a a X ° 
aGsupp / 

be its expansion (which we do not assume to converge normally on D R )- 
Then for all R with < R < R: 

\K\\R a < sup ||/(:r)[| £ (R/R) a . 

oSsupp/ |x|=_R a£supp/ 

In particular, if ^2 a (R/ R) a < 00 then the Hahn-series converges normally on Dr. 

Proof. As a Hahn holomorphic function, / converges normally on D2S for some 5 > 
and is holomorphic in D R . Let A# be the averaging operator 

A R (f) = lim -X- [ ^ dz, 
KKJ ' L^oc 2-KiL J s m z 

where S R L ^ is the L-fold cover of the circle with radius R. Certainly 

||A*(/)|| < sup [|/(*)||. 
\z\=R 

Since / is holomorphic for < \z\ < R, we have 



2-KiL z ' 2niL JaW z 
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This shows 

A R (f) = lim V / z"" 1 dz = oq. 

aesupp/ 5 

Suppose (Ik) is a family of finite subsets of supp / such that 

h C I 2 C ... and [J I k = supp /. 

k 

For z £ D R let g k {z) = Eae4 X a z~ a R a where A a G 71* := B(K,R) are chosen such 
that 

ll^all = 1) X a (a a ) = ||a a ||. 
Such X a exist by the Hahn-Banach theorem. 

Then g k is holomorphic in D R and ||<7fc(z)|| < Sag/ |z| _a i? Q . Moreover 



/>(*) = E a «m« q 



«64 

and the constant term of this function is 

E ll« Q p a = A 5 ((^, /)) = A^(( 5 fe, /))■ 

Therefore 

E KH# Q < SU P l<0*> /}(*)! < sup ||(fc(2)||||/(z)|| 

< sup ii/wii e (*/*) a 

\ Z \~ R aesupp/ 

and the theorem follows by letting k — > oo. □ 

Theorem 5.5. Ze£ i? > and assume f k : /J/? — >■ V is a sequence of bounded Hahn- 
holomorphic functions that converge uniformly to a bounded function f : Dr — > V . Sup- 
pose that there exist constants C > 0, e > such that for each k £ N 

E £ a < c. 

aesupp f k 

Suppose furthermore that there exists I C M such that supp — >■ I in the following 
sense: For each compact subset K <e R i/tere exists TV > suc/i i/ia£ 

supp f k C\K = I C\K for all k> N. 
Then f(x) is Hahn-holomorphic on Dr with supp f C I. 

Proof. First, I is well-ordered because supp f k — > I- Let f k (z) = X^gsupp^ z a be 
the expansion of 
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Let e > 0, then there exists Ni > such that — fk(z)\\ < £ for all k,£ > N± and 

all z £ Dr. Given a finite subset I C I, we can choose N > N± such that /Plsupp fk = I 
for all k > N. Theorem 5.4 then shows for all k,£ > N and it! < ei? that 

X>^-4 fc) M Q < sup ||/^)-/ fc (*)||- £ e a <2C £ . 

cue J l 2 l= R aesupp/ fc Usupp/^ 

It follows that (ao')fc is a Cauchy sequence for each a. Let a Q := lim . 

Given a finite subset I C I and e > we can find iV such that ||a Q — a a \\ < £ for all 
k > N,a £ I. Then for \z\ < R < iR, 

\\^2a^z a -Y, a * za \\ < ^ll ^ " aQ l^ a <Ce - 

a&I a£/ a£l 

This shows that ^2 aG j a a z a is a Hahn series for /. By the uniform convergence of (/&), 
/ is analytic in D^ \ {0}. Its Hahn series converges normally on D R because 

£ Hoallfl- < £ ||aW || j*» + £ ||a?> - a a \\R<* + £ ||a« - a<« 
«e/ ael «e/ a 

< ^ \\a^\\R a + Ce + 2Ce < oo. 

aSsupp 

for all finite I G I, £ sufficiently large, and k^> I depending on /. □ 



6. zlogZ-HAHN HOLOMORPHIC FUNCTIONS 

In the following let M 2 be equipped with the lexicographical order and let r C I 2 be 
a subgroup with order inherited from that of M 2 . Let Y = D^J 2 for fixed a > 0. The 
group G will be generated by 

e ia>l3) {z):=z a (-logz)-P, (a,P)€F, \z\ < 1. 

With the inclusion Ex {0} C M 2 this comprises the power functions z a from the previous 
section. Note that 

lim e (ajj9 ) (z) = a>0V(a = 0A/3>0) 

which is equivalent to (a, (3) > (0,0) in the lexicographical ordering of M 2 . The mono- 
tonicity (4) of power functions z a has to be replaced by the following "weak monotonic- 
ity" property. 

Lemma 6.1. Let S C T + = {7 £ T | 7 > 0} 6e a set suc/i £/iai i/iere exists an N £ No 

-/3<iVa /or a// (a,/3)e«S. (*) 

T/ien 
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a) There exists r^ < 1 such that for (a, (3) G S and \9\ < a the function 

r ^ \re ie \ a \log{re ie )\-P 

is monotonously increasing on [0,r7v). 

b) Given x with < x < rjv, there exists pn( x ) < % such that for all z with < \z\ < 
Pn(x), I argz| < a we have 

(a, j3) G S =>• \e^(z)\ < e^(x) 
Proof The proof is elementary and will be omitted here. □ 



It is not difficult to see that if S satisfies (*), then a similar inequality holds for the set 
(5 — ^4) n r + where A C S and the constant N depends on A. Thus a set S with (*) is 
admissible for e. 

Now the assumptions from section 2 are all satisfied and we can consider Hahn holomor- 
phic and meromorphic functions: A zlogz-Hahn holomorphic function with values in a 
Banach algebra 1Z is defined by a normally convergent series 

f( z ) = Yl a (a,(3)Z a {-logz)- 13 , a^eK, z€D [ °/ 2 , 
(«,/3)er 

such that supp(/) is contained in a set S U {(0,0)} with S as in Lemma 6.1. 

Note that the property (*) is invariant under addition and multiplication of Hahn holo- 
morphic functions, so that z log z-Hahn holomorphic functions indeed are a ring, and all 
results from section 2 apply. 

Example 6.2. The series 

oo 

^z n (-logz) n = (1 + zlogz)" 1 

n=0 

is a Hahn series in T = Z x Z with support {(n, —n) \ n G No}. It converges normally 
on the set {z G Z \ \zlogz\ < 1/2} and therefore defines a z log z-Hahn holomorphic 

function on for any a > and sufficiently small r = r(o~). 
Example 6.3. The formal series 

oo ^ 

is not a Hahn series for T = Z x 7L, because the support 

{(1,-n) | n G N } 

is not a well-ordered subset ofT. 

Example 6.4. T/ie logarithm \ogz = zlog2 is Hahn meromorphic for fcZxZ. 
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Example 6.5. The series 



oo oo ^ 



m 

n=l m=l 



defines a z log z-Hahn holomorphic function in a neighborhood of /or any <r > 
and for small enough e = e(o~) with r = ZxQ. Its support is 

{(n, 1 — 2n — 1/m) | n, m € N}. 



7. Applications: Hahn meromorphic continuation of resolvent kernels 

7.1. Suppose that ^ > 0. Then the differential operator -Bj, associated to the Bessel 
differential equation in its Liouville normal form, 

d 2 v 2 - i 

B - : = ~7^2 + -^ Id . (5) 
ox z X A 

is essentially self-adjoint on the space {/ G C£°([l,oo)) | /(l) = 0}, equipped with 
the inner product inherited from L 2 ((l, oo), fix). In the following we will denote the 
self- adjoint extension of B v by the same symbol B v . 

Let and H„ be the Hankel functions of order v of the first and second kinds 

respectively, and 

£W(A,s):=Vi*^, JG{1,2}. 
H v (A) 

The following lemma summarizes some elementary properties of these functions. 
Lemma 7.1. 

The function ijj\(x) := H„(X, x) is the unique solution of the boundary value problem 

(B u - A 2 )Va = 0, Va(1) = 1, (6) 

such that tp\ £ L 2 ((l, oo), dx) /or all X £ C with ImA > 0. Similarly, is the 

square integrable solution for ImA < 0. 
b) Furthermore, H u (X,x) is a z log z-Hahn holomorphic function in A for all v > 0. 
The cylinder function 

G v (X,x) = l -{Hl 2 \X)H^(Xx) - H^(X)Hl 2 \Xx)) (7) 
zs the unique solution of the initial value problem 

(B u -X 2 )G u (X,-) = 0, G„(A,1) = 0, ^GV(A,aOU=i = -^. 
Moreover, G u (X,x) is holomorphic and even in A. 



Proof We will only sketch the arguments. All formulas can be found in [14] and the 
references there. 
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a) The Hankel functions H„ are solutions of the Bessel equation. That is a square 
integrable solution then follows from the asymptotics 

~ ./A e ±*(*-f"-f) , | z |^oo. (8) 

V TTZ 

b) The Hankel function of the first kind is related with the Bessel function through 

HP(z) = -r^(e-™Mz) - J_„(*)). (9) 
sin i/ir 

There is an even, holomorphic function h v such that the first Bessel function has the 
representation 

/ z\ v 
Ju{z) = - h„(z), 



.2, 

which shows that J v is a z-Hahn holomorphic function with support in Z + v7L. This 
shows that A i— > Hi (X, x) is a z-Hahn holomorphic function for v ^ No, with support 
contained in 2No + 2z/No- For v = n S No, one has to take the limit v — > n in (9), 

which leads to logarithmic terms. In this way one obtains that A i— > Hn\\,x) is 
z log z-Hahn holomorphic with support contained in ZxZ. 
c) That G u (-,x) is holomorphic and even in A follows for non-integer v from 

GJX, x) = {x- v h v {X)hJXx) - x u hJX)h v (Xx)) 

sm utt ' 

as above and is the result of a straightforward computation in the case when v is 
an integer. This can however also be derived more directly from the fact that this 
function is the unique solution to an initial value problem for an ordinary differential 
equations whose coefficients depend holomorphically on A 2 . □ 

The spectral resolution of B u is well known and given by the Weber transform, which 
we recall now. Let / G Cg°(l,oo). For any i/el, define 

W,(/)(A)= ^ ( ^ X i f(x)xdx GC -((0,oo)). 

J i hI \x)hI \x) 

It is well known that the Weber transform extends continuously to a unitary map 

: L 2 ([l,oo),xdx) -> L 2 ([0,oo),#W(A)i^ 2) (A)A(iA) =: £. 

Let r\ : L 2 ((l, 6), x dx) — > L 2 ((l,b), dx) by the isometry given by r](f)(x) := y/xf(x). 
The Weber transform diagonalizes the operator B u in the sense that 

W^- 1 J B,(W i ,r ? - 1 )-V(A) = A 2 /(A) 

and the domain of B u can be described as 

{f£L 2 ([l,oc),dx) | (Ah+ A 2 (W,r/-V)(A)) G £}. 

Thus Wj, gives full control over the functional calculus of B v . 

The kernel r( of the resolvent (B v — A 2 ) -1 can be constructed directly out of the 
fundamental system of the Sturm-Liouville equation (6) and this results in 
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*»(«■») - ^■G.(A.min(,, y )) g - (10) 



rW 

V 

2 F^(A) 

Proposition 7.2. For any k > and er > i/ie resolvent (B v — A 2 ) -1 extends, as a 

function of X, to a z log z-Hahn meromorphic function on some neighborhood Df of 
with values in 

/C(L 2 ((1, oo), e KX dx), L 2 ((l, oo), e" K:c dx)). 
In a neighborhood of zero this function is even Hahn holomorphic. 

Proof. First let v ^ N. For x < y we write the kernel as 

r{ u) (x,y) = gM (A) ( A 2 ^ y) (A) + /<*> (x, y) (A)) 
with even, analytic functions 

f[ u \x,y){\) := e~ iv *y»G v (\,x)K(\y) 

i v) (x,y){\) := -y- v G u (\,x)h_ u (\y) 

and 

«M(A) :=|(e— (^^^(^-^(A))- 1 

is Hahn- holomorphic near because of (9), in particular it is bounded in a neighbourhood 
D [ / ] of 0. 

Due to Cauchy's integral formula, the coefficient a^(x,y) of X 2k in the Taylor series 
expansion of f\ v \x,y) can be estimated by 



\afl(x,y)\ < R- k sup \tf\x,y)(\)\, j = 1,2. 

\X\=R 

The functions h v and G v can be expressed in terms of and From the inequal- 

ities (10.17.13) in [14] one then obtains that 



sup \ &\;-)(X)\ 6 L 2 ((l,oo) x (1, oo), e ~ m ^ dx ® dy) 
\\\=R 



Thus the kernels {a^. fc (x, y)}^ define Hilbert-Schmidt-Operators 

: L 2 ((l,oo),e Ka; dx) -> L 2 ((l, oo), e~ KX dx) 
with norm bounded from above by C{v)R~ k for some constant C{v). But then the series 



I '''' II j_ V" II 4^|HM 2i ' 

k=0 k=0 



converges normally in some neighborhood U C Df of and the kernel 

A 2 -/ 1 M (x, 2/ )(A) + / 2 M (x,y)(A) 
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defines a (z-)Hahn-holomorphic family of Hilbert-Schmidt operators in 
/C(L 2 ((l,oo),e KX dx), L 2 ((l,oo),e- KX dx)). 

After composition with the Hahn-holomorphic family of bounded operators q( u \X)Id we 
obtain the statement of the Lemma. 

For integral v = n S N we can argue similarly. In this case 

n H^\Xy) = (logX + logy)q[ n \Xy)+q^\Xy) 
y HP(X) ' (lo g X)q[ n \X) + q ! 2 n \x) 

with even, holomorphic functions (^\(^ ■ O 
7.2. The resolvent of the Laplace-Operator on cones. 

Let Z = [1, oo) x M be equipped with the cone metric g z = dr 2 + r 2 g M , where (M, g M ) 
is a compact n-dimensional Riemannian manifold (without boundary); we will call Z 
a cone. We consider the selfadjoint extension A of the Laplace operator on compactly 
supported functions C^°(Z) to L 2 (Z,g z ) subject to Dirichlet boundary conditions at 
{1} x M. Under the isometry 

* : L 2 (Z, dr 2 + g M ) -> L 2 (Z, g z ), f(r, y) ^ r- n / 2 f(r, y) 

this Laplacian becomes 

A :=*-ioAott = -|^ + l (A M + f (f-l)). 

Let {fJ>k} be the eigenvalues of the Laplace operator Am on L 2 (M) and define v k := u(fj,f.) 
as the positive solution of v\ — j = ~ (2 _ _|_ Let {4>u} u ei he the corresponding 
orthonormal Hilbert space basis of L 2 (M) consisting of eigenfunctions of A m , such that 

For a smooth function f(r,y) = Y^veI fv( r )4>v{y) £ L 2 (Z) we obtain 
^>-\A - X 2 )*f(r,y) = {(Bu - A 2 )/,) (r)^(y), 

1/6/ 

where i?^ is the Bessel operator defined in (5). 

We make the additional assumption that each v\. either is an integer, or is not "too 
close" to an integer in a sense to be made precise in Definition 7.8 below. Such v will 
be called suitable. 

Example 7.3. For M = S n ,n > 2, the n-sphere equipped with the standard metric, it 
is well-known (see e.g. [13], §22) that the eigenvalues of the Laplace operator are = 
k(k+n-l),k € N with multiplicity m k := ( n + fc ) - ( n+ ^~ 2 ) • Thenv k := u(fi k ) := rt ^ + k 
is (half-) integral for odd (even) n and I = (vq, v\, . . . , i>x, z^, • • • ), where each Uj appears 
rrij times. 
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Let A £ C with Im A > 0, in particular A 2 lies in the resolvent set of A. Then the integral 
kernel of the resolvent (A — A 2 ) -1 is given by 

K((x, P ), (y, g),\) = Y, r {v) ( x , v)WMq) ® Mp), (ii) 

where r^ is defined in (10). Recall from section 7.1 that r^ v > is a zlogz-Hahn holomor- 
phic function, 

rM(x,y)(A)= £ a%\x, y)e 7 (A), e K/3) (A) := A a (- logz)"^, 

where logarithmic terms occur only for i/ S No- 
Take g C R 2 to be the group generated by all supports S u := supp A u \x, y), which 
is independent of the choice of (x,y). Then it is clear that the resolvent kernel is a 
Hahn-series with support in Q CR 2 : 

K((x,p), (y, q), A) := ^ r {v \x, y){X)<j) v {q) ® Mp) 

= E E a^ ) {x,y)e g (X)MQ) ^ MP) 

= E e s( A )( E 4 u) ( x >y)Mq)®Mp)) 

g&Q i/<=r.ges„ 

=:53a fl ((x,p),(y,g))e fl (A) (12) 
see 

where we have set a g = 0, if g ^ U^e/ 
Theorem 7.4. 

Under the above assumptions, for any a > i/ie resolvent (A — A 2 ) -1 extends, as a 
function of X, to a z log z-Hahn meromorphic function on with values in 

/C(L 2 ((l,oo) x M,e 2x2 dx®vo\ M ), £ 2 ((l,oo) x M, e~ 2x2 dx (g> vol M )) • 
In a neighborhood of zero this function is Hahn holomorphic. 

Proof. In Proposition 7.6 below we will see that each coefficient in the series (12) is 
the kernel of a compact operator between weighted L 2 -spaces. In Corollary 7.7 we prove 
that the corresponding Hahn-series with values in compact operators converges normally 
near A = and that the support is admissible. This proves that the Hahn series is even 
Hahn holomorphic. □ 

We emphasize that the proof of the normal convergence in Corollary 7.7 goes through, 
whenever the set {vi\ is suitable, see Definition 7.8 below. For the Laplace operator on 
differential forms L 2 (S n , A*T* S n ), the eigenvalues fi are still integers (cf. [5], Theorem 
4.2), but now the corresponding v = v{fik,p) are not anymore half-integral, which means 
that Theorem 7.4 has a straightforward extension to differential forms. 
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A similar result can be proven for the Laplacian acting on differential forms on (1, oo) x 
P n (C), where P n (C) is equipped with the Fubini-Study metric. The eigenvalues for the 
Laplace operator on sections of A p T*P n (C) have been computed in Theorem 5.2 of [5], 
they again are integers. 



7.2.1. The Hahn series of the resolvent kernel. In Lemma 7.1 we have seen that G v and 
H v are Hahn-holomorphic functions. Let 



G„(A,r) = 5>M(r)A*. = £ ^(^(A) 



£=0 



be the corresponding Hahn series expansions, with er a ^\(X) := X a (— log 2) 

The proof of the following Lemma utilizes the explicit formulas for the series expansion 
of the Hankel functions and will be carried out in the Appendix (cf. Lemmas 8.1, 8.3, 
8.5). 

Lemma 7.5. 

• There exists p > such that for all v > 0, r > 1, 

\9t\r)\< P v r ^<^r»e* V {^). (13) 

• There exists c > such that for all suitable v G M.+ \ 7L (cf. Definition 7.8) the 
coefficients of 7^ are bounded by 

IT^MI <cexp(^), r>l. (14) 

• There exist c > suc/i i/iai /or all n > 2, g £ S n and r > 1 

l7j n) (r)|< Cv ^exp(^) (15) 

Recall from (10) that for 1 < x < y, 

r^\x,y) = ^^fxy ■ G u (X,x) ~J^~~ £ a^(x,y)e g (X), 

H v (A) - gesupprv 

so that 

~{u)( x tt /— \<Xgfay), a < 2/ 
[a^(y,x), x>y 

are the coefficients in the Hahn-series expansion of r^(x, y). Then the coefficients of 
e g (X) in the Hahn-series expansion of the kernel of (A — A 2 ) -1 are 

A g ((x,p),(y,q)) :=^aP(x,y)MQ)®fo(p)- ( 16 ) 

V 

Proposition 7.6. Assume that the family V = {^} of orders is suitable. Then for every 
g £ supp r^ v \ 

dig £ L 2 ((l,oo) x (l,oo),e~ 2x2 dx®e~ 2y2 dy). 



HAHN HOLOMORPHIC FUNCTIONS 21 

and the kernel A g defines a Hilbert- Schmidt operator 

A g : L 2 ((l, oo) x M, e 2x ' dx ® vol M ) -> L 2 ((l, oo) x M, e~ 2x2 dx <g> vol M ) 
between weighted I? -spaces. There exists a constant C > such that \\A g \\ < C for all 

Proof. We first estimate the coefficients a g u \x,y) for g £ suppr^. 
First let v £ IR + \ Q. Then the coefficients are given by 

i 

c^\x,y) = ^2gi- j (x)y~ u j2j+2qu{y), rj = 2£ + 2qis, q > 0. 

3=0 

Using x < y , (13) and (14): 

\a^>(x,y)\ < \ge-j(x)\y~ u l2 J+ 2 q u(y)\ < — ^ 2 e -j(£-iV y ~" ' 6Xp ^ 

3=0 j=0 y J) ' 

< °i ■ «P (ft (*T £ £ < ■ exp (ft exp (ft (17) 
y j=o J ' 

The coefficients for rational v can be estimated in the same way. Note that all these 
inequalities hold only for "suitable" v. 

Now let v = n £ N. For x < y 

H^(\ ) °° oo oo 

G n (X,x) n (1) = J2gj{x)e {2jfl) (X)y- n Y J ^2l(s,p){y)e(2pn+2s- P )W 

H n (A) j =0 p=0 s= o 

oo oo £ 

= £ £ e (2pn+2e- P ) (A) £ ge-s(x)y~ n j( s ,p) (y) 

p=0 1=0 s=0 

Then for r] = {2pn + 21, —p) £ No x (—No), as above, now using (15) and the uniform 
bound (13): 

t 

\aM(x, y)\ < £ \9s{x)y- n i {t - s , p) {y) < ^ ■ ^y exp (^±ft (18) 



First consider v ^ No- Let 

rcxj -1 I i 

E(a)--=J Q y a e-y 2 dy= 2 T( a j r ), a > 0. 
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-2//i _\ „-2x 2 



Denote with || • [|_2 the norm on L 2 ((l,oo),e- 2x dx). 

f'OO f'OO 

Illl4 !/) ll-2|| 2 _2= / / \a^\x,y)\ 2 e- 2 y 2 dye- 2x2 dx 



CO , fX 



'1 Jl 

xy\a g (y,x)\ 2 e~ 2y2 dy 



+ / xy\a g (x,y)\ 2 e~ 2y2 dy) e~ 2x2 dx 

J X ' 



From (17), for g = 2£ + 2su in the support and suitable v. 

~2 rco rco ~2 

\\\\&P\\-2\\l 2 <^ J J xye x2+y2 -e- 2y2 dye- 2 * 2 dx< C V2 E{\) 2 . 

The same reasoning holds for rational v. 
For v = n € N and g = {2pn + 21, —p), using (18) 

pco . px 

IHl4 n) ll-2ll-2 < Ci / (x 2 ye x2 I e- y2 dy + e x ' \ xy z e~ r dy ) e~' Ax ' dx 



~W 2 ~<r?l (x 2 ye x2 J e -y 2 dy + e x2 J xy 2 dy) e~ 2x2 
< 2C%E(2)E(1) 

Altogether we have seen that there exists a constant C such that 

\\A g \\ < sup ||||aM||-2||-2<C. □ 

v:gesupprv 

Now we can use the growth condition of the family (z/) together with the uniform bound 
for ||^4 9 || from Proposition 7.6 to show normal convergence of the operator-valued Halm- 
series defined by the resolvent kernel, and thus finish the proof of Theorem 7.4. 

Corollary 7.7. The Hahn series X^eS ^^(A) is normally convergent in Df^ for some 
5 > 0. 

Proof. Let S be the support of the series X^eS ^7^7 (A). Because of Proposition 7.6 is 
is sufficient to prove the "growth condition" 

|| e-y || ,5 < 00. 

7S5 

We will see in the appendix that the support S is given by 

5 = |Jsuppr I/ =5nU5rU5iCR+x(-No) (19) 

V 

where S n ,S r ,S\ correspond to natural, non-integer rational and irrational coefficients. 
Furthermore, elements in 5 n are of the form (2sn + 2£, —s) with s, £ £ No, and those for 
non-integral v have the form (2sv + 2£, 0),£, s £ No- In the latter case, for v = 2 the 
integer s lies in the range < s < q. 
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For |A| < 5 < 1 and irrational u, 

* tzW + EEi^ E <^+^EEi^r s 

V 1 1 y 

where i^o is the smallest i/ > and C depends only on 5. The same estimate holds for 
rational v = |. 

Now the growth condition for the family {z/} shows that for |A| < min(<5, VH) these 
partial series converge normally. 

Finally, for n £ N (the case n = can be ignored for convergence) we use 

|A| 2n |logA| < -|A| 2n -5, |A|<1 

e 

and estimate 

oo 

£ |e 7 (A)| = £ |A 2 ^| + E E E l A l M • I lo § A I S 

<^+^EE(ii A i 2n -r^+^^Ew 2n ^+^ 

Altogether this shows that the Hahn series ^ 7 A 7 e 7 converges normally. □ 



7.2.2. "Suitable" orders. For some estimates in the proof of Lemma 7.5 we need further 
conditions on v, which guarantee that the non- integral v are sufficiently far away from 
integers and grow fast enough. This is made precise in 

Definition 7.8. Leta^^b^ as in (36) below. 

(a) The order v G R + \ N is called suitable, if there exist < d < \{e 1 / 4 - 1) _1 k, 0.88, 
d > and < d < ]; /4 ~ 0.195 such that 

2vr 

< 1 (20a) 



2 V \ sin vir\T(v) 

i a Mi . = l^ 1 -^! < d < ,9,,!,) 

r(Jfe + 1 + i/) ~ 4^+ fc A;!r(zy + 1) ~ 4 fc /t! 



1 * 1 ' 4 fe fc!|r(fc + " 4 fc A;f 1 j 
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(b) A family of orders V := {v{\ with v\ > and i/j ^ N is called suitable, if all but 
finitely many v € V are suitable, and V satisfies the following "growth condition": 
There exists an R > such that R u < oo. 



Property (a) is used exclusively in the proof of (14) from Lemma 7.5 resp. Lemma 
8.3. The growth condition is used in Corollary 7.7 to prove normal convergence of the 
operator valued Hahn series defined by the resolvent kernel (11). 

We are primarily interested in the situation when the family (v) is derived from eigen- 
values the Laplace operator on differential forms on S n . In this case the {v) are roots of 
integers. 

Lemma 7.9. Let P S 1*[X] be a polynomial. Any family V = (y7/i)j with qi £ No and 
multiplicity of qi less than P(qi) is suitable. 



Proof. First one shows for n € No and q with n 2 < q < (n + l) 2 that 

min{^ - n, (n + 1) - jq\ > ^ - 

and then uses | sinx7r| > 2\x\ for < |x| < | to prove for v = ^Jq: 

1 13 

< !> 7J—7. 3 < o- ( 21 ) 



{y + 1)| sinzv7r| z/|sinz^vr| 2 

Thus for all but finitely many v € V, inequality (20a) holds. 

For the other conditions in Definition 7.8(a), we note that 1/T(x) is monotonous for 
x > | and therefore for v > |, 

■ -M, = l r (! ~ v)\ = n 

I k I 4»+ k k\T(v + jfc + 1) |sinz/7r|4 y + fc fe!r(z/)r(i/ + /c + l) 
vr 1 

< 



sini/vr|r(i/) 4^+ fc £;!r(zv + 1) ' 

From (21) it is clear that (20b) can be satisfied for sufficiently large v. For (20c), we let 
v € (n, n + 1) for n £ N and estimate 



■ 1 < 1 j^I. l<A:<n 

4 fc fc!n- =1 |J-H " 4fcfc! I dist(,,No)(n-l)P k > n 



For the growth condition, we note that for < R < 1 and m £ N 



oo 



9 



m—l 







(-log/2) 



Remark 7.10. Z?ue io a famous result of Liouville about Diophantine approximations, 
an inequality similar to (21) can 6e proven for every algebraic number. 
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7.3. The resolvent of the Laplace-Operator on compact perturbations of W l 
or conic spaces. 

Let (Z = [l,oo) x M,g z ) be a cone as defined in the previous section and let X be 
a Riemannian manifold that is isometric to Z away from a compact set. This means 
for some a > we can identify X with X = X a Um„ Z a , where Z a = [a, 00) x M, 
M a = {a} x M, and X a is a compact Riemannian manifold with boundary M a . 

Let A be the Laplace operator acting on compactly supported functions on X and let 
L be a formally self-adjoint first order differential operator that is compactly supported 
in X a for some a > 0. Then, of course P = A + L is of Laplace type and therefore 
essentially self-adjoint on compactly supported smooth functions. We will denote its 
self-adjoint extension by the same symbol P whenever there is no danger of confusion. 
In this section we denote the self-adjoint operator on the cone that is obtained from the 
Laplace operator by imposing Dirichlet boundary conditions at Mi by Ao- It follows 
from standard results in perturbation theory that the essential spectrum of P equals 
the essential spectrum of the Laplace operator on the cone, i.e. [0, 00). Moreover, it is 
well known that the distributional kernel of the resolvent (P — A 2 )" 1 has a meromorphic 
continuation across the spectrum away from the point A = 0. Our Hahn-meromorphic 
Fredholm theorem allows us to refine this statement and show that the resolvent kernel 
is Hahn-meromorphic at A = if this is true for the kernel of (Ao — A 2 ) -1 . The precise 
statement is formulated in the following theorem. 

Theorem 7.11. Suppose that for some a > the resolvent (Ao — A 2 ) -1 extends, as a 
function of X, to a z log z-Hahn holomorphic function on with values in 

/C(L 2 ((1, 00) x M,e cx2 dx® vol M ), £ 2 ((l,oo) x M, e~ cxl dx ® vol M )), c > 

for a group T C Z x Z. Let f be the subgroup of Z x Z generated by T and 2Z x {0}. 
Then, (P - A 2 )" 1 has an extension, as a function of X, to a zlogz Hahn meromorphic 

function on for the group f with values in 

lC{L 2 (X,w{x)vo\ x ), L 2 (X, (w(x))~ 1 vo\x)) , 

2 

where w(x) is any positive function on X such that w(x) = e cx on Z a . Moreover, the 
negative coefficients of the Hahn series of this extension are finite rank operators. 

Proof. The proof is identical to the standard proof that the meromorphic properties of 
the resolvent do not change under compactly supported topological or metric pertur- 
bations. The only difference is that we apply our Hahn-meromorphic Fredholm theo- 
rem. For the sake of completeness we give the full argument here. By assumption we 
can choose b > a > 1 such that the operators Ao and P agree on C^°(Z a ). Suppose 
^li ^2) <^i> 4>2 are smooth functions on X such that supp </>i C and supp 02 C X a and 
such that 

ipi + i>2 = 1, i>i<t>i + i>2<t>2 = 1, dist(supp d4>i, supp ipi) > 0. 

Now denote by P r the self-adjoint operator obtained from P by imposing suitable Robin 
boundary conditions at Mf, such that is not in the spectrum of P r . Note that the 
operator P r is the self- adjoint operator corresponding to the closure of the quadratic 
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form q(f,g) = (f, Pg) L 2 (x b ) +^ Jm f( x )9( x )dx where t > is the Robin parameter. The 
family P r is an analytic family of type (B) depending on the parameter t in the sense 
of Kato (see [8]). A simple argument using perturbation theory shows that is in the 
spectrum of P r only for a discrete set of values of t and we can therefore choose t > such 
that P r is invertible. Since P is an elliptic operator and Robin boundary conditions are 
elliptic, P r has compact resolvent and therefore (P r — A 2 ) -1 is a meromorphic function 
with values in B(L 2 (Xb)) and all its residues are finite rank operators. Moreover, this 
function is holomorphic near A = 0. Let us denote this meromorphic family of operators 
by Qi(A) an d denote by Q2W the Hahn-holomorphic extension of (Ao — A 2 ) -1 that 
exists by assumption. Then, 

Q(A) = ViQi(A)0i+V2<3 2 (A)^2 (22) 
is a Hahn holomorphic family with values in 

IC(L 2 {X,w(x)vol x ), L 2 {X,w(x)- l vo\ x )) 
with respect to the group T. By construction, 

Q(\){P - A 2 ) = id + ^Qi(A)(A0i - 2V grad0 J. (23) 

i=l,2 

Since the integral kernels of Qi are smooth off the diagonal, the operator 

K(X) = Y ipiQi(X)(A(f)i - 2Vgradfc) (24) 
i=l,2 

is smoothing. Moreover, its integral kernel has compact support in the second variable. 
Therefore, K(X) is a Hahn meromorphic family with values in fC(L 2 (X, w(x) volx)) 
for the group T and its residues are finite rank operators. Moreover, 

||*T(A)|| = \\w(x)-*K(\)w(x)*\\v W < Ci Y ||^(A)|| i2(x) < ^3^, (25) 

and therefore, for large values of |Im(A 2 )| the operator id + K(X) is invertible. By 
the meromorphic Fredholm theory and the Hahn holomorphic Fredholm theorem (id + 
K(X))^ 1 is a family of operators in JC(L 2 (X, w(x)~ 1 volx)) which is meromorphic away 
from zero with finite rank negative Laurent coefficients, and which is Hahn holomorphic 
at zero for the group T. Hence, we have 

(id + i^(A))- 1 Q(A)(A- A) =id, (26) 

and (id+K (X))' 1 Q(\) extends the resolvent to a Hahn meromorphic function as claimed. 

□ 

Combining Theorem 7.4 and Theorem 7.11 we obtain 

Corollary 7.12. Let M be a Riemannian manifold that is isometric to M n \Bji outside 
a compact set for some sufficiently large R > 0. Let P be a compactly supported pertur- 
bation of the Laplace operator in the sense of the previous theorem and let w(x) be as 
above. Then the resolvent X 1— > (P — A 2 )^ 1 as a map 

{ImA > 0} -> IC(L 2 (X,w(x)vol x ), L 2 (X,w(x)- 1 vol x )), 
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has a meromorphic continuation to a function in X that is z log z- Hahn meromorphic 
near zero for the group Z 2 . 



When n is odd, then from Example 7.3 we conclude that r = Zx {0}. In this case the 
theorem follows from the usual meromorphic Fredholm theorem. 

Remark 7.13. Let X be a Riemannian manifold with an end isometric to 

{Z = [1, oo) x N, dx 2 + x~ 2a g N ), a > 

for some closed Riemannian manifold (N,g N ). The spectral theory of the Laplace op- 
erator on X is examined in detail in [4]. There the authors show that the spectral 
decomposition of the Laplace operator on differential forms on Z can also be described 
with the Weber transform. The same arguments as in section 7.1, together with the 
proof of Theorem 7.11 then implies that the resolvent of the Laplace operator on X is 
2 log z-Hahn meromorphic near zero. 



8. Appendix 

In this appendix we compute the upper bounds for the Hahn-series coefficients of G U (X, x) 

and H " n\ XyS> as given in Lemma 7.5. To that end we assume that the non-integral orders 

v are suitable in the sense of Definition 7.8. We emphasize that the resulting bounds are 
sufficient to prove Proposition 7.6, but certainly can be improved with more effort. 



Mz)=(^YK(z), k _ (cob ™)J„-J_„ 



Recall 



> 2 J sin vn 

Hjp(z) = J v {z) + %Y v {z), Hi l \z) = J v {z) - iY v (z) 

where 

h u (z) := V a^z 2m with a$ = ^-^ (27) 

w ^ m m 4 m mT(m + v + 1) v ; 

m=0 v ; 

is an entire function. For n E Z define Y n := lim Y u . 

8.1. Coefficients of G. First, let v $ N . 

G u (X,r) = Y v (X)J v (Xr) - J v {X)Y v {Xr) 

- oo 

(r- v h v (X)k- v (Xr) - r v h- v {X)h v {Xr)) = T gf\r)X 2t 



with 



sm vk 



gf\r) : = -J_V a^afc^ [r 2 ^ k ^ - r^ 2k \ 
1 sm vtt L J 

k=0 



For v = n 6 Nq we have to take the limit v — > n. 
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Lemma 8.1. For some p > and all v > 0,r > 1, 

\9t\r)\< P -^Z< P 7 -r^W^). (28) 



Proof. We only give the main arguments. Choose n G No such that v G (n — A, n + 5]. 
Consider only n,^ > 0, the special cases n,£ = can be treated in a similar way. 
We will often use that for / G C^^oo)), 

/(") " /(") 



Sin I/7T 



< - supiirCOl (n-l/2,n+l/2]}. 



(29) 



If ^ > £ + i (i.e. n > £), then from r(x)r(l — x) = it / sin(x7r): 



1 * (-i) fc r(fc-i + »/ 

5n J 7T • 4< 4^ - T(^ + A; + 1) 



< £ < v 



k=0 



\9t{r)\ < 2r 



u+2t 1 Yiv-t) 



I 1 
5^ UUP - 



vr-4 £ r> + l) ^Jfe!(^-fc)! 



2r 



,+2i 1 rfr/-i) 
vr- 2^ ^ir(i/ + 1) 



Now we consider 1/ < £ + |, i.e. n < £. 
Let t v {Jz) = £ — v — k. 



9l(r) 



E(f) a ^-Ai r 
~ r 
" sin ;y7r L 



sm vk ' 

k=£- n +l 

£-n W (-v) _ (n) (-n) 
+ a k a £-k a k a l-k ru+2r u (k) _ r u+2kl 

^— ' sinz/7r L J 



fc=0 



\ -> In) 

+ 2^ a k a 



(n)J-n)fr 
-k 



k=0 



u+2r u (k) _ r n+2r n (k) 
sin UTT 



r v+2k _ r n+2k 



Sin 1S7T 



£-n 



+ 



1 «• 



sm vk 



(30a) 
(30b) 
(30c) 
(30d) 



k=0 



From 



0, 0<A:<n, = (-1/4)^, £ > 0. 



(n) 



we get 4 n) 4_™ } = 4"(fc) a r n (lfc)> which shows (30d) = 0. 



(31) 
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Next we want to estimate (30c). Again using (31) 



l-n 



EU («)„(-") I _ U( n ) J~ n h - \^A-n\Jn) Jn) 
\ a k a i-k I — Z^i \ a l-k a k \ ~ 2^1 
k=0 k=n k=n 



4 "E 



i 



k=n 



< 



(£-k)\(k-n)\(n + £-k)\k\ 



1 



n\ £^(£- k)\k\ ~ n\ ^ \l - k)\k\ n\£\ 



Using (29) and r > 1, 
l-n 

|(30c)|< J(Iogr)VFX;ioL B, a 



fc=0 



r?. 



i^Ml 
I r(x) I 



< | for all x > 0, 



We note that for the polygamma function ■0 satisfies 

and that T(x) is monotonously increasing for x > |. Thus for some constant 
c> 0, 



Let 



a ( i/ ) a (- i/ ) 



1 |-0(1 + £ - k - v) - V>(1 + A; + v)\ 
¥(£- k)\k\T{\ + £ — k — u)T(l + k + u) ~ ¥{£-k)\k\ 



< 



m := max{y + 2r u (k), v + 2k\Q<k<l-n}<2l-n+\ 
Now using (29) and n > 1: 



<-Tl 



|(30b)|<2r m ]T 



(«/) (-;/) _ (n) (-n) 



fc=0 

There exists c > such that for k 



Sin Z/7T 



< r n 



2^! 



n + 1, . . . 



Sin Z/7T 



4- £ r(zv + fc - £) 



A- e F(v -n + 1) 



< 



vr(^ - fc)!fc!r(i/ + Jfe + 1) - irkl(£ - k)\T(u -n + £+l) 

4-* 1 £ • 4"< 

< 



7rfc!(*-fc)! n j =i(l ,_ n + j ) " fc!(^ -£)!(£-!)! 



which gives 



|(30a)|< £ |a«| 



l t-k 



sin Z^7T 



| r H-2T„(fc) _ r ^+2fe| 



< r 



v+2£ 



¥(£-l)\ k\{l-kY 



< r 



u+2l 



2 l £\(n- 1)!' 



where we also used £ > n. 
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Now for r > 1, 

2 

logr < -y/r. (32) 
e 

Together with |(n — 1)! > v this proves the Lemma. □ 
8.2. Coefficients of H. 



8.2.1. Irrational v. Let v > be irrational. Recall that for v ^ Z 

^ 1} (Ar) = e^J,(Ar) - J_„(Ar) = e -^(^) 2 ^ y (Ar) - /t_ y (Ar) 
^(i )(A) " e-^J v (X)-J- v (X) ' e-^(^h u (X)-h^(X) 



(33) 



with h u as in (27). Thus nominator and denominator of the right hand side in (33) are 
Hahn holomorphic functions with support in 2No + 2z^No- 

Prom the Neumann series expansion of (33) one obtains 

H [ J\Xr) 



g£2N +2i/N 

Clearly the map 

a : N x N -»■ 2N + 2^N , (a, b) i-> 2a + 2^6 

is bijective. Multiplying (34) with the denominator in (33) and comparing with the 
nominator in (33) leads to the following recursion formulas for "f g (r) (we omit the in- 
dependence in the notation) 

7(7(0,0) (r) = 1 (35a) 
e-i 

7a(£,o)( r ) = ber 2e - ^ "fa(k,o)(r)t>e-k, £>1 (35b) 

fc=0 

M o, s) (r) = (-iy- 1 (r 2 »-l)-d s , 8 >1 (35c) 

e i-\ 
7a(f,i)( r ) = aer 2e+2 " - ^ 7 CT (fc,o)( r )^-fc ~ Yl 7o-(fc,l)( r )^-fc> t G N. (35d) 



fc=0 fc=0 



where 



fe=o fc=o 



rV^af (-l) fe+1 e-^r(l - i/) 



_ a (-") 4^+ fc A:! r(fc + 1 + 

t ] _ (-i) fc+1 r(i-«,) 



(36) 



,(-") A k k\T(h + l 
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8.2.2. Rational v. Let v = |, p, q E N, q > 2, (p,q) = 1. Equation (33) still holds 
and both nominator and denominator of the right hand side are holomorphic functions 

2 

in A := \i . The support of the denominator as a Hahn series in A is contained in 
(p + No</) U No</. Let S be the support of the quotient, which is a holomorphic function 
in A. From the Neumann-series expansion one obtains that S is contained in 

S := {n G N | 3a, (3 G N : ap + f3q = n} 

It is easy to see that the map 

cr : N x {0, . . . ,q - 1} -> S, a{Z, s) = sp + tq 

is bijective. Hence 

%I^--EE^MA^ (37) 
"■v (A) e=0 s=0 

This leads to the following equations for the coefficients 7: 

i-p i 

^ ^-p-fc7cr(fc, g -i) (r) + h-kla(k,o) (0 (38a) 

k=0 k=0 



?r 2i 



a e r 2e+ * & t-kla(k,o) i r ) + ^2 ^-*T<r(fe,l) ( r ) ( 38b ) 

k=0 k=0 

I I 

° = ^2^i~kMk,s~i)( r ) + J2^-kMk,s)(r), 2<8<q-l. (38c) 



where 



k=o k=0 



o^rv^oM b k = -a[- v) . 



In (38a) the first sum is meant to be for I < p. 
Then for m = 0, 1, 2, . . . 

• Equation (38a) determines ^y a (e,o) f° r ^ = m Vi m P + 1j • • • ( m + l)p — 1- 

• Equation (38b) determines J a (i,l) 101 ^ = m P-> m P + 1, ■ ■ ■ (m + l)p — 1. 

• Equation (38c) determines ^ a ^ )S ) for i = mp,mp + 1, . . . (m + l)p — 1 where 
s = 2,3,...,?- 1. 

8.2.3. Bounds for the coefficients for non-integral v . Recall the notion of "suitable" v 
from Definition 7.8. We will also use 

Lemma 8.2. There exists a constant C with < C < 1 such that for all v > and 

r > I, 

' <Cexp(r). (39) 



r(u + i) 

Proof. From Stirling's formula we obtain 



r- u e r T(u + 1) > J2n(v + l)e r - 1 ( " =: /(i/, r) 

V er / 
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For r > e -1 / 2 the function r i— > f(u, r) has a global minimum in r m {v) := (y + l)e~ 2 + 2 " 
and v i y f{y,T m {y)) is monotonously increasing for v > 0. Set C := l//(0, r m (0)) « 
0.591. □ 

Lemma 8.3. There exists c > suc/i i/ia£ for all suitable v the coefficients in (34) and 
(37) are bounded by 

| 7 W(r)|<cexp(^) ; r>l. (40) 

Proof. We use the recursion formulas for 7* to prove the statement by induction. 

First we consider irrational v. We assume that the inequalities (20b), (20c) hold for 
some constants d, d and then choose these constants as needed. 

Clearly 70 (r) = 1 satisfies (40) and for i > 0, 

i-i 

\la(i,o)(r)\ < \b e \r 2e + ^ | 7 <x(fc,o)( r )l ' 

k= 

< ^r* + cex P (t)E^< exp (^) (d • 2"^ + cd(e^ - 1)) 

k=l 

If we can choose d < ^(e 1 / 4 — 1) _1 ~ 1.76, then for c > d we have 

c(l-d(e 1 / 4 -l))>|>^> ( i.2^ 

and therefore |7 CT (£,o) ( r ) I < cexp ( 2 2 _ ). 
For r > 1 

| 72s ,(r)| < 2|a | s r 2 - = - ^ " ^ Y-* - o f * Y J* 



< 



v 4T(l + z/),/ V 41/ | sini/vr|zy • r(z^) 2 

2vr 1 r 2v 



2 V \ sini/7r|r(i/) J 2T(f + 1) 
For suitable f, the expression {...}< 1, and 2 ij r(u+i) < ex P (t) because of (39). 
From (35d) 

i e-i 
ha(e,i)(r)\ < \d e \r 2E+2u + ^ |7o-(fc,o)( r )l ' \h-k\ + l7a(fc,i)( r )l ' l^-fcl 



< 



k=0 k=0 

J . r 2£+2^ 2 / 1 d 1 d 

4»+WT(v + 1) + C6XP ^ V E 4"+ fc fc!r(i/ + 1) + E 4*fc! 
v ; fc=0 v 1 fc=l 



< ^P (£) [d + ^^^^ + cd^ - 1)] (41) 
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If we can choose d as before and d < | 4 ^1/4"^ for all v under consideration, and choose 

c>d(l- - t el/ \, - d^ - 1)) \ 
V 4T(i/ + l) v ') 

then the expression [. . .] in (41) is bounded by cexp (tj-). 
Finally from (35e), with the same choice of d, d: 

1-1 1 

\l„(l,q){r)\ ^ Y l7«r(*, 9 )( r )l • \h-k\ + Y |7«t(A,9-1)WI • l^-fel 
fc=0 fe=0 

< cexp (£) [d(eV4 _ i) + 4 ^ ] < cexp (£) 



Next consider rational v. The equations (38a)-(38c) lead formally to the same recursion 
formulas (35a)-(35e) for 7*, with two differences: For i > p equation (38a) gives 

i-i i-p 
la(£,0) (r) = hr 2t - Ja(k,o) {r)h-k ~ Y 7<r(fc, g -i) {r)a t -k-p (42) 

k=0 k=0 

instead of (35b), and in (35e) the index s of ^ a (e,s) nes m the range 2 < s < q — 1. 
As before 

s— 1 s—p 

\la(s,0)(r)\ < \bs\r 2s + Y l7a(fe,0)(0ll^-fc| + Y l7«r(fc,g-l)(r)ll««-fc-pl 
k=0 k=0 

<exp^)(d.2- + c^-l ) + ^^^ ) 
which is < cexp (^) if we take d, d to be half the values as before. □ 



8.2.4. Integral v. For integral v = n G N we compute the limit v — > n in (33), which 
leads to logarithmic terms. Arguing as before, we now obtain that the Hahn-series is 

. 00 00 

„(!),.. = X 2^ 2_, T( a j,) ( 2; ) e (2 P n+2s,- P ) (A) 



34 J. MULLER AND A. STROHMAIER 

where e^ a ^(X) = X a (— log A) -6 . The coefficients are determined by 
7(0,0) (x) = 1 

e-i 

l(e,o) (x) = aee^e-i) + Pex 2i - ^ Pe-kl(k,o) , £ > 1 (43a) 

k=0 

£ £-1 

7(<,i) (x) = a n+e x 2( - n+e) - a<+n-fc7(k,o) {x) - ^ &-fc7(fc,i) ( x ) (43b) 

A:=0 k=0 

7(o, P )W = (-l) p - 1 «^ 2n , P>1 (43c) 



1(i,p){x) = -Ya£+n-kl(k, P -i){x) -Y^£-kl(k,p){x), P>2,£>1 (43d) 

where 



fc=o fc=o 



JO, < k < n 

<*k = { 2 .(-i)* 

l4 fc fc!(fe-n)!(n-l)!' ^ - " 



Pk=< 



( (-l)"(n-fc-l)l . 

4 fe fc!(n-l)! ' ^ ^ " 

4*(fc- ( n)!fe!(n-l)! + lo g 4 + ^ + 1) + V^(fc ~ n + 1)), fc > n. 



with the Polygamma function ^(z) = T'(z)/T(z). 

Lemma 8.4. 

• For some constant d, 

d 2 
- ifcfci' |afc| - 4 fc fc!(n-l)!' 

• For a// n > 1, 

oo 

a(n) :=£|&|<1. 
k=i 

Proof. The second inequality, and the first inequality for k < n are obvious. For k = j+n, 
J>0, 

e(n,i) , .v K7r + log4| + ^(n + i + l) + V(i + l) 
m -A^{n + j)V £(n ' j):= j!(^l)! • 

From tp(m) < log(m) — ^ one sees that s := sup n j e(n, j) < oo and thus d exists; 
numerically we obtain s < 5.11277. 



The second statement can be seen as follows. For n > 2, 

o~(n) < V (re ~ fc ~ 1)! + V £(n ' i} < — fe 1 ^ _ i) + 5 ' eV4 
^4 fc fe!(n-l)! ^4™+i(n + j)! " n-l l ; 4«n! ' 
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The right hand side is decreasing in n and less than 1 for n > 2. Direct computations 
for small n give 

o-(l) < 0.980052, a(2) < 0.373944, <r(3) < 0.145903. □ 

It is sufficient to consider n > 2, because there can be only finitely many v with v < 2: 
Lemma 8.5. There exists c > such that for all n>2, £,q > and x > 1 

l7£)(*)l<cvWp(^) (44) 

Proof. Always let x > 1. The statement (44) holds for 7(o,o)- For I > 1, choose 



l-o-(2) ~ l-o-(n) 
then using (32) 

l-\ 

h(i,o)(x)\ < \a e \ \e(2t,-i)(x)\ + \pt\ x 2e + ^ |7 (fc>0) | |#_ fc | 



fc=0 



2 2 o/i i i 



£ Sfl^Ti), + pT* + ^exp(,V2) £ |A| 

" ? ( e(n-l)l + d ) ^^f! + OT ( n )\ / S <ix P( :c2 /2) 
< c\/x exp(x 2 /2). 



Next, we estimate 7(o, P )( 2; ) ) P > 1 by 



2 \p 2 x 2ti 2 1_n 

l^(0.P)( X )l = ( ^ ^ on/ M _n„n B | ^ TrTTW eX P(^/2). 



Now for jf£ t u,£ > 1 we use the exact formulas for a^: 



l-x 



|7(<?,1)( X )I < \a n+ t\x 2{ - n+l) + ^ |a /+n _fc||7( fc)0 )(aO| + Yl \^~k\h(k,i)(x)\ 

k=0 k=0 

2x 2 ^ ^ , o ^ 2 



+ n)W.(n - 1)! + c ^ ex P( x2 /2) g 4fc/fc!(n _ ^, (n _ ^ 
+ cv / xexp(^)cr(n) 

" ^ 6XP( * } ( g+^lfn-m + 4^! £ iSjfcl + C ' ^ 



.2 i + n £\(n- 1)! 4 n n! ^ 4 fe fc! 

fc=0 



< v^exp(^) ( ^ + -^e 1/4 + c • <r(2) ) < c v / ^exp( 



1 c 



1/4 



2; V4 ' 16 v ') " v n2 

1/4 -1 

The last inequality holds, provided c > (4 — ^ 4<r(2)) w 0.46. 
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Finally from (43d) for p > 2, £ > 1 

h M (x)\ < cVxeMi){ E 4 k kl(k _ n)!(n _ I); + *(")) 

< cVxexp(^)( ^ _ 1} , e 1/4 + ^(2)) < c^exp(^). 

□ 
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